Abstract. In this paper, we prove the K-and L-theoretical Isomorphism Conjecture for Baumslag-Solitar groups with coefficients in an additive category.
Introduction
In this paper, we confirm that the Isomorphism conjecture is true for all BaumslagSolitar groups. Our main theorem is as follows Theorem 0.1. The K-and L-theoretical Isomorphism Conjecture is true for every BaumslagSolitar group with coefficients in any additive category.
Remark 0.2. Independently, G. Gandini, S. Meinert and H. Rüping proved the Isomorphism Conjecture with coefficients in an additive category for the fundamental group of any graph of abelian groups in [5] , which includes all Baumslag-Solitar groups.
Recall that the Baumslag-Solitar group BS (m, n) is defined by a, b | b −1 a m b = a n and all the solvable ones are isomorphic to BS (1, n). Note that BS (m, n) BS (n, m) BS (−m, −n). When m = ±n, BS (m, ±m) are CAT(0) groups, hence one can use [1] and [8] to conclude BS (m, ±m) satisfies the Isomorphism Conjecture with coefficients in an additive category. Since the construction of a K(BS (m, ±m), 1) space with universal cover a CAT(0) space is enlightening for part of our proof, we construct it here. We start with two cylinders S In this paper, we will actually prove the Isomorphism conjecture for BS (m, n) with finite wreath products and coefficients in an additive category. The K-and L-theoretical Isomorphism Conjecture with finite wreath products and coefficients in an additive category is known for all solvable Baumslag-Solitar groups, see [6] and [8] . Hence we only need to prove the case when m > |n| > 1. We will abbreviate the K-and L-theoretical Isomorphism Conjecture with finite wreath products and coefficients in an additive category by FJCw.
The idea is to analyze the preimages of cyclic subgroups corresponding to a certain linear representation of BS (m, n) by using Bass-Serre theory, and conclude they satisfy FJCw.
Our results relies on previous work on FJCw for CAT(0) groups and virtually solvable groups by Bartels and Lück in [1] , and Wegner in [7] , [8] . Note that FJCw implies the Isomorphism Conjecture with coefficients in an additive category.
Inheritance Properties and Results on FJCw
We list some inheritance properties and results on FJCw that we will need. For more information about FJCw we refer to [8] Proof of (1) - (4) can be found for example in [8] section 2.3. (5) is the main result of [1] and [7] . (6) is proved in [8] .
Proof of the main theorem
In this section, we prove our main theorem. Recall BS (m, n) = a, b|b −1 a m b = a n . We
There is a map φ : BS (m, n) → Γ(m, n) mapping a to (1, 0) and b to (0, 1). Note that FJCw is known for Γ(m, n) by Proposition 1.1 (6) . Hence by Proposition 1.1 (4) in order to prove FJCw for BS (m, n), we only need to prove FJCw holds for any subgroup
We proceed to analyze φ −1 (C) using Bass-Serre theory. Part of the idea here is from the proof of Lemma 4.3 in [4] .
Viewing BS (m, n) as an HNN extension, we have an associated oriented tree T (m, n) and BS (m, n) acts on it without inversion, see for example [3] , I.3.4. Let H be the cyclic subgroup in BS (m, n) generated by a, N be the subgroup generated by a m . Then the vertices of T (m, n) are left cosets gH, and edges are the left cosets gN where g ∈ BS (m, n). The edge gN connects from the tail vertex gH to the head vertex gbH. The stabilizer of the vertex gH is the subgroup gHg −1 , and the stabilizer of the edge gN is gNg −1 . At each vertex, there are m edges going out and n edges going in. See Figure 1 for a picture of T (2, 3).
Proposition 2.1. If C is generated by (x, y) with y 0, then φ −1 (C) is a free group. Hence
Proof We will show φ −1 (C) is a free group by showing it acts freely on the tree T (m, n) (see for example [3] , I.4.1). For every vertex gH in T (m, n), its stabilizer under the action of BS (m, n) is the cyclic subgroup gHg
Note that C is generated by (x, y) with y 0 and the second coordinate of (x, y) n is ny.
Hence φ(gHg −1 ) ∩ C = {(0, 0)}. Note that φ restricted to H is injective, hence it is injective when restricted to gHg −1 . Therefore gHg −1 ∩ φ −1 (C) = {1}. We conclude that for every vertex gH, the stabilizer for the action of φ
acts freely on T (m, n). Now by Proposition 1.1 (5), φ −1 (C) satisfies the FJCw.
is a direct limit of CAT(0) groups.
Hence it satisfies FJCw.
Corollary 2.3. If C is generated by (x, 0), then φ −1 (C) is a subgroup of φ −1 (B). By Proposition 1.1 (1), φ −1 (C) also satisfies FJCw.
We now start the proof of Proposition 2. 
. The lemma now follows.
Addendum 2.5. Lemma 2.4 is true for any oriented path α connecting gH and βgH.
To see this just observe that α can be reduced to the oriented geodesic connecting gH and βgH in a finite number of simple moves of the form
where e is an oriented edge and −e is the same edge with the opposite orientation. (And α 1 α 2 , ets. means concatenation of paths.)
Summarize what we have so far, the quotient T (m, n)/φ −1 (B) is an oriented graph of groups with the following properties: every vertex or edge stabilizer is isomorphic to Z, the edge stabilizer embeds into its tail vertex stabilizer by multiplying m, and to its head vertex stabilizer by multiplying n; moreover, every oriented loop α in T (m, n)/φ −1 (B) has an even number of edges, where exactly half of them coincide with the orientation. This is a consequence of Addendum 2.5 and the observation that α lifts to an oriented pathᾱ in T (m, n) with initial point and end point identified by the action of some element in φ −1 (B).
We will prove that any compact connected subgraph of groups of T (m, n)/φ −1 (B) is CAT(0), hence φ −1 (B) is a direct limit of CAT(0) groups which satisfies the FJCw by with radius determined inductively by the following criteria:
The radius of the cylinder corresponding to an edge is m times the radius of its tail vertex cylinder, and n times the radius of its head vertex cylinder.
We now explicitly define these radius so that the above criteria are satisfied. We start by and then the radius r(e) of an edge e is defined by r(e) = n( m n )
where v is the head vertex of e. Now we glue all these cylinders together by local isometries according to the graph Y.
We glue them together using the following method. h × {0} by a n-fold locally isometric covering projection (orientation preserving if n > 0 orientation reversing if n < 0).
Therefore we have constructed a 2-complex which is a model for K(Γ, 1). It is now easy to check that its universal cover is a CAT(0) space; cf. [2] , p502, Theorem I.2.7. This completes the proof of Proposition 2.2.
Combining Proposition 2.1 and Corollary 2.3, we prove FJCw for BS (m, n) by using Proposition 1.1 (4) .
